The quadratic Fock functor 



Luigi Accardi & Ameur Dhahri 

Volterra Center, University of Roma Tor Vergata 
Via Columbia 2, 00133 Roma, Italy 
e-mail: accardi® volterra. uniroma2 . it 
ameur@volterra. uniroma2. it 

Abstract 

We construct the quadratic analogue of the boson Fock functor. 
While in the first order (linear) case all contractions on the 1-particle 
space can be second quantized, the semigroup of contractions that 
admit a quadratic second quantization is much smaller due to the 
nonlinearity. The encouraging fact is that it contains, as proper sub- 
groups (i.e. the contractions), all the gauge transformations of second 
kind and all the a.e. invertible maps of into itself leaving the 
Lebesgue measure quasi-invariant (in particular all diffeomorphism 
of Mf^). This allows quadratic 2-d quantization of gauge theories, of 
representations of the Witt group (in fact it continuous analogue), of 
the Zamolodchikov hierarchy, and much more. . . . Within this semi- 
group we characterize the unitary and the isometric elements and we 
single out a class of natural contractions. 

1 Introduction 

The boson (this specification will be omitted in the following) Fock functor 
has its origins in Heisenberg commutation relations. If if is a complex Hilbert 
space the Heisenberg *-Lie algebra Heis{H) is defined by generators. 

{Ag,A^, 1 (central element) : / G H} 

commutation relations 



[Af,A;] = {f,g)-l ■ f,geH 



(the omitted commutation relations are zero) and involution 

{AfY = 4 ; feH 

On the universal enveloping algebra of Heis{H), denoted U{Heis{H)), there 
is a unique state satisfying 

^(1) = 1 

ip{xAg) = ; G U{Heis{H)) ; e H 

Denoting T{H) the GNS space of U{Heis{H)) with respect to (/?, the map 
H f— > r(iJ) is a functor defined on the category of Hilbcrt spaces, with mor- 
phisms given by contractions to the category of infinite dimensional Hilbert 
spaces with the same morphisms. 

r(i7) is called the Fock space over H and. if V" is a contraction on H its 

image TiV) is called the Fock second quantization of V . 

The domain of F is maximal in the sense that, if V is not a contraction on 

then TiV) cannot be a bounded operator on T{H). 

Our goal in this paper is to extend the picture described above, from the 
Heisenberg algebra, describing the white noise commutation relations, to the 
algebra describing the commutation relations of the renormalized square of 
white noise. 

The algebra of the renormalized square of white noise (RSWN) with test 
function algebra 

A:^ L2(R'^)nL°°(R'^) 
is the *-Lie-algebra, with central element denoted 1, generators 

{B+,Bh,Ng : /,^,/ieL2(M'^)nL~(M'^)} 

involution 

{Bp* = Bf , 7V; = Nj 
and commutation relations 

[Bj, B+] = 2c(/, g) + 4iVj„ [iV„, B+] = 25+ , c > 

[S+,S;] = [S^,S,] = [7V„,7V„,] = 

for all a, a', f,g& L^{M.'^) fl L°°(R'^) (the theory can be developed for more 
general Hilbert algebras, but we will deal only with this case). This is a 
current algebra over si(2,]R) with test function algebra A. One can prove 
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that, on the universal enveloping algebra U{RSWN) of the RSWN algebra, 
there exists a unique state (fp such that 

M^) = 1 

(fpixBg) = ^F{xNf) = ; V/, c/ e ^ ; Vx e U{RSWN) 

By analogy with the Heisenberg algebra, it is natural to call this state the 
quadratic Fock state and the associated GNS space, denoted r2(^), the 
quadratic Fock space. The Fock representation of the RSWN is characterized 
by a cyclic vector $, also called vacuum as in the first order case, satisfying 

= Ng<i> = 

for all f,ge L'^{R'^) n L~(M'^). 

We refer the interested reader to [4], [5] for more details. 

The extensions, to the quadratic case, of the second quantization procedure 

for linear operators on A requires the solution of the following two problems: 

(1) when does a linear operator on A induce a linear operator on r2(^)? 

(2) In the cases in which the answer to problem (1) is positive, when is the 
induced operator bounded (a contraction, unitary, isometric, . . .)? 

By inspection on the explicit form of the scalar product of the quadratic Fock 
space (see Lemma |2] below) one is led to conjecture that two classes of linear 
transformations of A should induce contractions on r2(^): 

(i) *-endomorphisms of the Hilbert algebra A 

(ii) generalized gauge transformations of the form 

/ ^ e"/ ; e"/(x) := e"(^)/(a;) ; x eR' 

where a e M"^ ^ C is a complex valued Borel function with negative 
real part (the — oo value is allowed to include functions with non full 
support). 

One of our main results is that these are essentially all the linear operators 
on A which admit a contractive second quantization on the quadratic Fock 
space. 

The scheme of the present paper is the following. In section [21 we recall some 
properties on the quadratic exponential vectors. Moreover, we prove that 
the quadratic Fock space is an interacting Fock space with scalar product 
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given explicitly. In section [31 we characterize those operator on the one- 
particle Hilbert algebra whose quadratic second quantization is isometric 
(resp. unitary). In section |U we show with a counter-example that even 
very simple contractions have a second quantization that is not a contraction 
and we give a sufficient condition for this to happen. We also introduce the 
natural candidates for the role of quadratic analogue of the free Hamiltonian 
evolution and of the Ornstein-Uhlenbeck semigroup. 

2 The quadratic Fock space 

For n G N the quadratic n-particle space is the closed linear span of the set 

{fi+"<l> : / G L2(M'^) nL~(R'^)} 

where by definition 5^°$ = $, for all / G ^^(IR'^) n L°°(R'^). The quadratic 
Fock space r2(L^(]R'^) fl L°°{M.'^)) is the orthogonal sum of all the quadratic 
n-particle spaces. The quadratic exponential vector with test function 
/ G L'^(R'^) n if it exists, is defined by 



where by definition 

Vl/(0): 

The following theorem was proved 



fit" $ 

n>0 

= 5+°$ = $ (2) 
in [2]. 



Theorem 1 The quadratic exponential vector "^{f) exists if and only if 
ll/lloo < J- The set of these vectors is linearly independent and total in 
r2(L^(M'^) n L°°(M'^)). Furthermore, the scalar product between two exponen- 
tial vectors, ^'(/) and "^{g), is given by 

(^'(/), ^'(^)) = g-f (3) 

The explicit form of the scalar product between two quadratic n-particle 
vectors is due to Barhoumi, Ouerdiane, Riahi p|. Its proof, which we include 
for completeness, one needs the following preliminary result which uses the 
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identity, proved in Proposition 1 of |2]- This identity will be frequently used 
in the following: 



|R+m^||2 _ r,2k+l ^-{^ Ml /fc+l||2|| p+(m~fc-l)^||2 



k=0 
m—1 



((m-A;- 1)!)2 
+2mc\\f\\l\\Bp-'^<l>r 



f 

m-2 

Eo2fc+3 IIL'.ytlL- Lj'. J'fc+2||2|| R + ((m-l)-fc-l)^||2 



m!(m — 1)! 

+2mc||/||^||i?;(™-^)$ir (4) 



Lemma 1 For all f,ge L'^{R'^) n L°°(M'^) stxc/i that 
one has 



oo ^ 2 ' ll^'lloo ^ 2 ' 



t=0 



(5) 



Proof. Let /, ^ G L'^iW^) n L°°(M'^) such that 
< t < 1, one has 



j-ri 



oo < |- For all 



m>0 



We now prove that, for < t < 1, the above series can be differentiated (in 
t) term by term. For all m > n, one has 



rf" / t 



df^ \ {m\) 



So that, for < t < 1 



(m!)2(m — n)! ' ^ 

m!(m — nj! " 



m\[m — n]\ ^ ^ 
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From the identity (jl]) it follows that 



A:=0 



(((m-l)-fc-l)!)2 



m-2 



< (4m(m-l)||/||L) [cJ2^ 



k=0 



2k+i (m-l)!(m-2)! .+12 
(((m-l)-A;-l)!)2"^ "2 



||^+((m-l)-fe-l) 



<^f] = (Mm- 1)11/11^) 



In conclusion 



||5+-<|.|r< 4m(m-l)||/||L + 2m||/f 



1)$||2 



Therefore 



||i?;-<|.||||i?;™$|| < ^4m(m- 1)11/11^ + 2m||/|| 



^4m(m - 1)11^11^ + 2m||^i|ii|i?;('"-^)$|| 

The definition of f/^ then implies that 

V4m(m - l)||/||g, + 2m\\f\\l^im - l)\\g\\l, + 2m\\g\\l 

m(m — 

If / and g are non-vanishing functions, then 



1 . UjYl 

hm 



Um~l 



<4l|/||oo|k||oo<l 



because 



implies that 



< 



00 2 ' iiyii*^ 2 



< |. Hence, the series J2m^rn converges. This 



at"' ^—^ m\[m — n) 



m>n 



Evaluating the derivative at t = 0, one obtains ([5]). □ 
Lemma 2 For all f,ge L'^iR'^) n L°°(R'^) the following identity holds 

(^^l)222n-l^n + ...+ifc 



ii+2i2+...+A;ifc=?i 



ill . . .ifc!2*2 ... A;** 
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Proof. The complex linearity of the map / ^ implies that, for all 
Ai, A2 G C, 

Therefore it will be sufficient to prove the identity for all f,gE L^lW^) fl 
L°°(M'^) such that ||/||oo, Iklloo < |- In this case one has 



ni- — 



(exp(-(log(l-4t/(7)))) (7) 



where 

(log(l - 4tfg)) := ^ / log (1 - Atf{s)g{s))ds 

Denoting h{t, s) := log (1 — Atf{s)g{s)), its k-th derivative (in t) is 

s) = 2'\k - l)\{f{s))\g{s))\l - Atf{s)g{s))-' 
Hence, uniformly for t < 1 



(it" . . ^ . V 1! y V A;! / 



il+2j2+...+A;ife=n 

with dZD, ([9]) and (do]) one obtains 

(i" I 



(8) 



Thus, the left hand side of ([8]) is integrable in s and 

^ ^ Wr. (l-4t/(s)(7(s))'= 

Putting t = one finds 

(/^(^)(0)) = 22'=(A:-l)!(/^/) (9) 
Combining the identity (cf. Refs [6], [7]) 



(10) 



ii+2i2+...+kik=n 



from which follows. □ 
The following theorem is an immediate consequence of Lemma [21 



Theorem 2 There is a natural ismorphism between the quadratic Fock space 
r2(L2(M^)nL°°(M'^)) and the interacting Fock space ®n=o®%mm{L^ C^"^) ^ (■) ■)n}, 
with scalar products: 

i-i+2i2+...+kik=n 

3 Quadratic second quantization of contrac- 
tions 

Let T be a linear operator on L^(M'^) fl L°°(M'^). If the map 

vl>(/) ^ M/(T/) (11) 

is well defined for all quadratic exponential vectors then, by the linear inde- 
pendence of these vectors, it admits a linear extension to a dense subspace of 
r2(L2(]R'^) n L~(M^)), denoted TiiT) and called the quadratic second quan- 
tization of T. 

From ([2]) and (|TT1) it follows that, if r2(T) exists then, whatever T is, it leaves 
the quadratic vacuum invariant: 

r2(r)$ = $ 



Lemma 3 Let T be a linear operator on L^(M'^) fl L°°{M.'^). Then T2{T) is 
well defined on the set of all the exponential vectors if and only if T is a 
contraction on L^{R'^') n equipped with the norm . U,. 

Proof. Sufficiency. If T : L°°(R'^) L°°{R'^) is a contraction, then 

||T/||oo < ll/lloo < 1/2 for any test function / G L'^{R'^) n L°°(M'^) such that 

ll/lloo < 1/2. Therefore r2(T)^(/) is well defined. 

Necessity. If r2(T) is well defined, then one has ||T(7||oo < |, for any 

g e L2(R"') n L~(R'^) such that ||^||oo < |. By linearity T maps the open 

unit ||.||oo-ball of L'^{R'^) n L°°{R'^) into itself, i.e. it is a contraction. □ 



8 



3.1 Isometric and unitarity characterization of the quadratic 
second quantization 

Let us start by giving a sufficient condition on T, which ensures that T2{T) 
is an isometry (resp. unitary operator). 

A Hilbert algebra endomorphism (resp. automorphism) T of 
//^(M*^) n L°°{M.'^) is said to be a *- endomorphism (resp. *- automorphism) if 
T is an isometry (resp. a unitary operator) with respect to the pre-Hilbert 
structure of L^iR"^) n L°°{R^), which satisfies 

T{fg) = T{f)T{g), (T(/))* = T(/). 

The following proposition is an immediate consequence of Lemma [2l 

Proposition 1 // B Orel function, Ti is a *- endomorphism 

of L\R'^)nL^{R'^) and 

T := e'"Ti 

then r2(T) is an isometry. Moreover, ifTi is a *- automorphism of 
L2(M'^) n L°°(M'^), then T2iT) is unitary. 

Proof. To prove that T2{T) is an isometry it is sufficient to prove that it 
preserves the scalar product of two arbitray quadratic exponential vectors. 
From ([T]) and the mutual orthogonality of different n-particle spaces, it will 
be sufficient to prove that, for each n G N and f,g & L'^{R'^) fl L°°{R'^) one 
has: 

and, because of Lemma [2], this identity follows from 

((^/)^ (Tg)') = (/^ /) ; VA; G N ; V/, g G L\R'')nL^{R'') 

But this identity holds because our assumptions on T imply that 

((T/)^ (T(?)'=) = {e''-iTJ)',e^''^iT,g)') = {T,if'),T,ig')) = {f\g^) 

Thus r2(T) is an isometry. If, in addition, Ti is a *-automorphism of 
L^(M'^) nL°°(M'^), then T is surjective. Hence the range of r2(T), containing 
all the quadratic exponential vectors, is the whole quadratic Fock space. The 
thesis then follows because an isometry with full range is unitary. □ 
In the following our goal is to prove the converse of the above proposition. 
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Lemma 4 i) IfT2{T) is a unitary operator, then 

{{Tfr,{Tgr) = {r,g-) (12) 
for all new and f,ge L'^{R'^) H 
ii) IfT2{T) is an isometry, then for all n e W and f e L'^{R'^) n L°°(M'^) 

ii(T/ni2 = iirii2 

Proof. Suppose that T2(T) is a unitary operator. Let us fix two functions 

f,ge L2(R'^) n L°^(R'^) sucli tliat ||/||oo < |, \\g\\oo < \- Tfien, one lias 

l,^(Tf)MT9)) = m)M9)) 

It follows that 

for all t such that \t\ < 1. Therefore, Lemma [U implies that 

(5+;$, 5+;$) = (5+"$, 5+"$) (13) 

for all n G N. Let us prove the statement i) by induction. 
- For n = 1, we have 

(5+^$,5+$) = (i?;$,i?;$) 

This gives 

(T/, Tg) = if, g) 

- Suppose that (fT2|) holds for k < n. Then, from (fT3|l and the identity (jl]), 
one obtains 



= c^2^^+^ f^_+ ^^ (T/)^+\ (T^)'=+i)(5^}"-^)$,i?J("-^)$) 
fc=o 

= 22"+^n!(n + l)!c ((T/)"+\ (T^)"+^) 

+c|;2^^+^ -;;/; ((t/)^+\ (T^)^+^)(i^y-^)$, 



k=0 



iin-k)\) 
= 22"+in!(n + l)!c(r+\^'^+^) 

fe=o 
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n-1 

C 

k=0 



By the induction assumption, one has 

n-l 1 / _|_ 1 \| 

which imphes that 

((r/)"+\ (Tgr^') = {r+\ g-+') ; Vn G 
Thus ([ED holds for all neW. 

The proof of statement ii) is obtained by replacing, in the above argument, 
the test function g by f. □ 

Lemma 5 Suppose that T2{T) is an isometry. Then, for any / C M"^ such 
that \I\ < oo, one has 

\nxi)ix)\ = i 

on supp(T{xi)) (i-G- 

Proof. By assumption T2{T) is an isometry, hence from Lemma HI Vn G N: 

mxi)r, {nxi)T) = nxir, (xiT) = ixi, xi) = i/i (m) 

for any subset J C M'^ such that |/| < oo. But, one has 

((T(x/))", {T{xi)r) = \{x e \nxi)ix)\ = 1}I + ^ \T{xi){x)\'-dx (15) 

where | • | denotes Lebesgue measure and 

J:={xe R", \nxi){x)\ ^ 1 and |T(x/)(x)| > 0} 
Since the identity (fT5l) holds Vn G N, it follows that 

^|r(x/(x)|2"rfx = y |T(x7(x)|2("+i)tix ; VnGN 

But it is not difficult to prove that this is impossible if | J| > 0. □ 
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Lemma 6 //J C such that \I\ < oo and T2{T) is an isometry, then there 
exist a function : R'^ — M and a subset t{I) C M.'^ such that 

nxi) = e'^-'Xrii) 

and \I\ = |t(/)|. Moreover, if h, I2 is an arbitrary partition of I , then 

r(/) = r(/i) U r(/2) , a.e. (16) 
In particular, if Ii C /, then a.e. t(/i) C t(/). 

Proof. Lemma [S] implies that there exist a function a/ : M'^ — > M and a 
subset r(/) C M'^ such that T{xi) = g^'^'Xt{i)- From f[T^ one has 

\r{I)\ = {T{xi).nxi)) = {Xi.Xi) = \I\ 
Let Ji, I2 be a partition of /. From xi = Xhuh = Xh + Xhy follows that 

i.e. 

Multiplying both sides by Xr{ii)UT{i2), one finds 

e XT(/)n[r(/i)UT(/2)] — ^Xr(/i)+e ^Xrih) — ^ Xt{I) 

Therefore, one has r(/) = r(/i) U t(/2) a.e. Since the partition Ii, I2 of / is 
arbitrary, it follows that /i C / implies that r(/i) C r(/). □ 

Lemma 7 IfT2{T) is an isometry and Ii, I2 C M"' are such that 
\Ii\ < 00, I/2I < 00 and \Ii n /2I = 0, then |r(/i) n r(/2)| = 0. 

Proof. Suppose that |/i n /2I =0. Then, from the identity 

Xhuh = Xh + Xh ~ Xhnh 

it follows that, a.e. 

Xhuh = Xh + Xh 

and therefore also 
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Applying (HM one then gets 

|A| + |-^2| = (X/iU/2? X/1U/2) 

= {T{Xhui2),T{xhui2)) 
= {T{xi,),T{xiJ) + {T{xi2),T{xi2)) 
+ (T(x/J,r(x7j) + (T(x/J,T(x/J) 

= IJ1I + I/2I+ / e*(°^2-"^i)(x)da; 

ir(/i)nr(/2) 



which imphes that 



+ |-^2| + 2 / cos{{ai2 - ai-^){x))dx 

'r(/l)nr(/2) 



COS ((a/2 ~ a/i)(x))(ix = 

r(/i)nr(/2) 

Put / = /i U /2. From the identities 

e*"^X.(/) = e'"^iXr(/o+e^"'^X.(/2) 
r(/) = r(/i)Ur(/2) a.e 

it follows that if a; G ^"(/i) fl r(/2), then 

e^°^(x) = e*"^i (x) + e*"^2 (x) 

Thus, one obtains 

gj(a/(x)-07j(x) = ]^ _|_ g*("/2(^)~°^l(^)) 

This gives 

1 = |1 + eiK2 1 2 = 2 + 2cos{ai,{x) - ai,{x)) 
which yields that 

cosiaj^ix) - aj^{x)) = -- 
This, together with (HHD implies that |r(/i) n r(/2)| = 0. 
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Lemma 8 In the notations and assumptions of Lemma 0, for any I G M.'^ 
such that |/| < oo and any /i C / one has 

for almost any x G t(/i). 

Proof. Let I2 = Arguing as in the proof of of Lemma [6] one finds that 

Thus, if we multiply the two sides in the above identity by Xt{Ii), then from 
Lemmas [6l [71 it follows that 

e'^'Xrih) = e'^^'^Xrih) , a.e 

□ 

Lemma 9 In the notations and assumptions of LemmalBthere exists a func- 
tion a : M'^ ^ M such that for any I C M*^, with \I\ < 00 

Tixi) = e'^Xrii) 
where t{I) C and |r(/)| = |/|. 

Proof. Let {In)n be an increasing sequence of subsets of M.'^ such that 
\In\ < 00, Vn G N and UnGN^« = Define the function a : R"' ^ M by 
a{x) = ai^{x), for any n G N such that x & In, where «/„ is defined as in 
Lemma ([6]). Then a is well defined because, denoting 

n{x) := min{n G N, x G /„} ; x G M'^ 

Lemma [8] implies that, for any m, n G N such that n{x) < m < n, 

In particular, for any n > n{x), one has 
which implies that 

a/„(a;) = a7„(^), Mn > n{x) 

This ends the proof of the above lemma. □ 
Using all together Proposition [H Lemmas HI [6] and [9|, we prove the fol- 
lowing. 
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Theorem 3 T2(T) is an isometry (resp. unitary) if and only if there exist 
a function a from to M and a *-endomorphism (resp. *- automorphism) 
Ti o/L2(M^) nL°°(M^) such that 

T = e^"Ti 

Proof. Sufficiency has been proved in Proposition [H 

Necessity. Suppose that T2{T) is an isometry. Then, from Lemma HI T is an 
isometry. Moreover, Lemma [9] implies that there exists a function a : ^ M 
such that for any / C M'^, |/| < oo 

Tixi) = e^"x.(/) 
where r(/) C M'^ and |t(/)| = |J|. Define the map Ti by: 

Ti : X/ e L2(M^) n L^{R^) ^ T,{xi) ■= Xr(i) (19) 

for all / C M"' such that |/| < oo. In order to prove that Ti extends, 
by linearity and continuity, to a *-endomorphism of L?'{W^) fl L°°(R'^), it is 
sufficient to prove that for all /, J C M with |/| < oo, | J| < oo 

TiixiXj) = Ti{xi)Ti{x.j) = Xt(i)Xt{J) = Xr(/)nr(j) , a.e (20) 
But, by definition of Ti one has 

TiixiXj) = Tiixinj) = XriinJ) 

therefore our thesis is equivalent to 

r(J) n r(J) = r(/ n J) , a.e (21) 

Finally, since from Lemma [6] we know that r(/ fl J) C r(/) fl t{J), (pT!) will 
follow if we prove that 

|r(/)nr(J)| = |r(/nJ)| (22) 
To prove (l22l) notice that, since T, hence Ti, is an isometry, one has 

(Ti(x/uj),Ti(x7uj)) = {xiuJ,Xiuj) = \I\ + \J\ - |/n J| (23) 
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On the other hand, from Lemma Owe know that the map I ^ t{I) is finitely 
addditive, hence monotone. Therefore, using hnearity, (1191) and the identity 

X/uJ = Xi + Xj - XinJ, we find 

{Ti{xiu.j),Ti{xiuj)) = {Tiixi) + Tiixj) - Ti{xinj),Ti{xi) 

+T,{xj)-T,{xinj)) 
= (Ti(x7),Ti(x/)) + m(x7),Ti(xj)) 
~{T,ixi),Ti{xinj)) + mxj),Ti{xi)) 
+ {T,{xj),T^{xj)) - m(xj),Ti(x/nj)) 
~{Ti{xinj),Ti{xi)) - {Ti{xinj),Ti{xj)) 
+ {Tiixinj),Ti{xinj)) 

= {Xt{I),Xt{I)) + (Xt(/), Xt{J)) - {Xt{I), Xr(/nJ)) 

+ {Xt{J),Xt{I)) + {Xt{J),Xt{J)) - (Xt(J), Xr(/nj)) 

~{XT{inj),XT{i)) - (Xr(/nJ), Xr(j)) 
+ (Xr(/nJ), Xriinj)) 

Using the isometry property and the fact that r(/ fl J) C r(/) fl r( J), we see 
that this expression is equal to 

|/| + |r(/) n r(J)| - |r(/ H J)| + |r(/) n r(J)| + \J\ - |r(/ n J)| 
-|r(/ n J)| - |r(/ n J)| + |r(/ n J)| 
= |/| + I J| + 2|r(/) n r(J)| - 3|r(/ n J)| 
= |/| + I J| + 2|r(/) n r(J)| - 3|/ H J| 
Since this is equal to the right hand side of fl25]) . we conclude that 
-|/ n J| = 2|r(/) n r(J)| - 3|J H J| ^ |r(/) n r(J)| = \I f] J\ = \t{I f] J)\ 
which is equivalent to fl22]) and therefore to fl2U]) . 

Since a unitary operator is an isometry we conclude that, if r2(T) is unitary, 
then Ti, defined by (flQl) . is an invertible *-endomorphism of L^(]R'^)nL°°(]R'^), 
i.e. a ^-automorphism. □ 

4 Quadratic second quantization of contrac- 
tions 

We will use the following remark. 

Remark Let A = {aij)ij, B = {bij)ij, C = {cij)ij and D = {dij)ij be 
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matrices such that, in the operator order: 

0<A<B, and 0<C <D 
Then by Schur's Lemma 

< {{bij - a,j)cij)^j ^ iaijCij)ij < {btjCij)-^ 

< {bijidij - dj)).^. ^ {bijQj).^. < {bijdij). . 
Consequently one has 

< iaijCij)ij < {bijdij)ij (24) 

Theorem 4 The set of all operators T such that T2{T) is a contraction is a 
multiplicative semigroups denoted Contr2{L'^ fl Moreover 

T2iS)T2iT) = T2iST) ; V^, T G Contr2iL'' D L°°) (25) 

Proof. Let S,T e Contr2(L2nL~). Then r2(^), T2{T) and hence r2(^)r2(T) 
is a contraction on T2{LP' fl L°°). Therefore it is uniquely determined by its 
value on the quadratic exponential vectors. If '^{f) is such a vector, then 

T2{S)T2{T)m{f) = T2{S)m{Tf) = m{STf) = T2{ST)m{f) 

Thus r2(S'T) is a contraction and holds. □ 
Now, we prove the following. 

Proposition 2 IfT = 7Vl<^Ti is a contraction for L"^ (W^) and L°° (R'^) , where 
ifi G L'^iM.'^) n L°°(M.'^) such that ||v?||oo < 1 md Ti is an homomorphism of 
L2(R'^) n L°°{R'^), then 12 (T) is a contraction. 

Proof We have 

||r2(T)(aiXl/(/i) + ... + «/^(//))f = ||aiVl>(r/i) + ... + «^^(T/,)f 

I 

= ^a.a,(vI/(T/,),vI/(r/,)) (26) 

n>0 ^ i,j=l 
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Put 



Now, our purpose is to prove, under the assumptions of the above proposition, 
that 

< An,T < An, (27) 

for all n e N. 

Note that, for v = (cti, ...,«;), one has 



= \\a,B+l^ + ... + aiB+^^n\ 

This implies that An^r is a positive matrix. Now, let us prove the second 
inequality in fl271) by induction on n. 

- For n = 1, one has 

I 

z 

= 2c^aiaj{Tfi,Tfj) 

= 2c||T(ai/i + ... + aJ0ll2 
< 2c||ai/i + ... + «J,||^. 

Because 

I 

«,i=i 

one obtains that Ai^t < Ai. 

- Let n > 1 and suppose that An^r < ^n- Note that for any f,gE 
L2(M'^) n L°°(]R'^), Proposition 1 of [2] implies that 

18 



Then, one gets 

Y^g2fc+i {n + l)\n\ 

I 



Put 



This gives 



I 

{v,M,,Tv) = 5^a,a,((T/,)^-+\(T/,)^+^) 

= \\a,iTf,)'+' + ... + aiiTfif^m 

< yitiiTM^"-' + ■ ■ ■ + a^ft^'m 

This proves that 

< Mk,T < Mk. (28) 
Note that by induction assumption 

< A„_fc,T < A„_fc, (29) 

for all = 0, . . . , n. Therefore, Lemma [2^ and identies fl25]) . fl2Ul) implies 

that 

Hence, we have proved that 

I I 

i,j=l i,j=l 
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for all n. After using fl26p . it is easy to conclude that T2{T) is a contraction. 
□ 

Remark 

The contractions considered in Proposition [2] are very special, however they 
are sufficient to prove the existence of the quadratic free Hamiltonian and 
the quadratic Ornstein-Uhlenbeck semigroup. In fact taking 

T = T = e^^^ 

with Re{z) < where A = L'^{R'^) D L~(M'^), Proposition [2] implies that 
r2(e^^-^) is a holomorphic semigroup which, by the remark done at the be- 
ginning of section ([3]), leaves the vacuum vector $ invariant. In particular, 
for z = it, t G M, the generator Hq of the strongly continuous 1-parameter 
unitary group 

is the quadratic analogue of the free Hamiltonian. By analytic continuation 
one has 

r2(e"^^) = e"^° 

Moreover Lemma [2] shows that its action on the ra-particle space is the same 
as the action of the number operator in the usual Fock space, i.e. it is reduced 
to multiplication by 

Thus Ho is the positive self-adjoint operator characterized by the property 
that, for any n G N, the n-particle space is the eigenspace of Hq correspond- 
ing to the the eigenvalue n. 

By considering the action of the number operators Nf, defined at the be- 
ginning of section ([T]), one easily verifies that the definition of Nf can be 
extended to the case in which / is a multiple of the identity function 1, so 
that Ni is well defined. With this notation one has the identity 

Ho = ^N, 

Using the functional realization of the quadratic Fock space given by Theorem 
|2]it is clear that the contraction semigroup 

r2(e-*^^) = e-*^° 
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is positivity preserving and its explicit form gives that 

r2(e-"^)l = e^*l < 1 

(here we are extending in the obvious way the action of r2(e~*^-^) to the mul- 
tiples of the identity function which is not in L'^{R'^) n L°°{R'^)). This means 
that the semigroup e"*^" is sub-Mar kovian. The above discussion shows 
that e~*^° is a natural candidate for the role of quadratic analogue of the 
Ornstein-Uhlenbeck semigroup. A more detailed analysis of this semigroup 
and of its properties will be discussed elsewhere. 

4.1 A counterexample 

In this subsection, we discuss the behavior of contractions under quadratic 
second quantization. 

Lemma 10 Let T be a linear operator on L'^iW^) fl L^{W^). If T IS a con- 
traction on L'^iW^) and on L°°{W^), then for any quadratic exponential vector 
^(/) one has 

||r2(T)M/(/)||< ||M/(/)|| (30) 

Proof. Recall that 

||_g+"<|)||2 

\\^2{T)^{f)r = ||^(T/)f = Y, (31) 

n>0 ^ 

and that, because of Lemma [2) 

PS^f = E ^^...iU...k^^ \\Tm\\{Tf)%^ . . . ||(T/)1|- 

If T is a contraction on L'^iW^) and on L°°(M'^) then by the Riesz-Thorin 
Theorem, for all p > 2, T is also a contraction from U'{W^) into itself. 
Therefore, for any p>l and i G M: 

pi 

= WTfWZ < 1 



II (Wl 



\Tf\ 



2p 



l/2p 
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for all j = 1, . . . , /c. This proves that for any n G N 

< ||5+"<l>f 

and, in view of fl31l) . this implies (1301) . □ 
From Lemma fllOl) it follows that the fact that T is a contraction for 
L'^{W^) and for L°°(M'^) is a necessary condition for T2{T) to be a contrac- 
tion. The following counterexample shows that this condition is not sufficient. 

Define the linear operator T : L^{R) f] L°°(M) L'^{R) f] L°°(M) by 

Tf=(^j'^f{t)dt) xm 

It is easy to verify that T is a contraction in both and L°°. Therefore, 
from Lemma [TOl one has 

l|r2(T)vi/(/)||<||vi/(/)|| 

In the following we will show that some linear combinations of quadratic 
exponential vectors violate the inequality 

||r2(T)(^a.vi/(/,))||<||J]«,*(/,)|| 

i i 

In fact taking 

/i := -^X[o i] ; /2 := Ax[o,i] ! A G M ; |A| < ^ 



2 



one has ^ 

Tfi = -^Xio,!] ; Tf2 = Ax[o,i] 



and 



ir.(r)(„,«(A)+a,*(/.))f = ((^:;).B(^:;): 



"2 / V "2 



where the matrices A, B are defined by: 

A := ((vi/(/,), vi/(/,)))i<,,<2 ; B := {{^{Tf,), ^(r/,)))i<,,,<2 



22 



The contraction condition 

||r2(r) + a2^(/2)) f < + a2^(/2)ir 

is equivalent to say that B < A. In the following we prove that this inequality 
is not true. In fact recalling Q, i.e. 

one finds 

and a simple calculation proves that det{A — B) < 0. 



Acknowledgments 

Ameur Dhahri gratefully acknowledges stimulating discussions with Uwe 
Franz and Eric Ricard. 

References 

[1] L. Accardi, Y. G. Lu and I. V. Volovich: White noise approach to clas- 
sical and quantum stochastic calculi, Centra Vito Volterra, Universita 
di Roma "Tor Vergata", preprint 375, 1999. 

[2] L. Accardi, A. Dhahri: The quadratic exponential vectors, submitted. 

[3] L. Accardi, A. Dhahri and M. Skeide: Extension of quadratic expo- 
nential vectors, submitted to: Proceedings of the 29-th Conference on 
Quantum Probability and related topics , Hammamet (2008). 

[3b] Accardi L., Skeide M.: On the relation of the Square of White Noise and 
the Finite Difference Algebra, IDA-QP (Infinite Dimensional Analysis, 
Quantum Probability and Related Topics) 3 (2000) 185-189 Volterra 
Preprint N. 386 (1999) 



23 



L. Accardi, U. Franz and M. Skeide: Renormalized squares of white noise 
and other non- Gaussian noises as Levy processes on real Lie algebras, 
Commun. Math. Phys. 228 (2002) 123-150. 

L. Accardi, G. Amosov and U. Franz: Second quantization automor- 
phisms of the renormalized square of white noise (RSWN) algebra. Inf. 
Dim. Anl, Quantum Probability and related topics, Vol. 7, No. 2 (2004) 
183-194. 

A. Barhoumi, H. Ouerdiane, A. Riahi: Unitary representations of the 
Witt and s/ (2, M)- Algebras through Renormalized Powers of the Quan- 
tum Pascal White Noise, Inf. Dim. Anl, Quantum Probability and related 
topics. Vol. 11, No 3 (2008) 323-350. 

N. Bourbaki: Fonctions d'une variable Reelle. Elements de 
Mathematiques, Livre Vol. IV, Hermann et Cie, 1950. 

I. Gradstein, 1. Ryshik: Tables of series. Products and integrals. Vol. 1, 
Verlag Harri Deutsch Thun 1981. 

K. R. Parthasarathy: An Introduction to Quantum Stochastic Calculus. 
Birkhauser Verlag: Basel. Boston. Berlin. 



24 



